Mathematica 11.3 Integration Test Results

Test results for the 361 problems in "7.3.7 Inverse hyperbolic
tangent functions.m"

Problem 16: Result unnecessarily involves imaginary or complex numbers.

e X
ng/z ArcTanh | Ve | ax
Vd+ex?
Optimal (type 4, 196 leaves, 6 steps):
60d2Vx Vd+ex2 36dx2-/d+ex®?  4x%2+/d+ex? 2 1/2 et h[ Ve x ]
- + - +— X rcTan +
847 e5/2 847 e3/2 121+/e 11 Jdiel

]

/

5 1/4
30 41174 (ﬁJrﬁX) & Ellip‘cicF[zAr‘cTan[e \/?}, &
(Va e )’ a2

(847 e/4\/d+ex?

Result (type 4, 161 leaves):
2Vd+ex? (15d2-9dex?+7e?x*)

2

e x
" +77 x> ArcTanh]| +
847 e>/2 \/CI-%—GX2
i
sed-"/Z\/ME J1+% X E11iptick [i Arcsinh[ ], 1]
Ve ex Vx

847 e2/d + e x2

Problem 17: Result unnecessarily involves imaginary or complex numbers.

Ve x
| ax
Vd+ex?

Optimal (type 4, 168 leaves, 5steps):

st/z ArcTanh |
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20d+x Vd+ex? 4x¥?+d+ex* 2 _, e X
- + = x"/? ArcTanh | ———— | -
147 e3/2 49e 7 Jdiex

5 1/4
(Va + Ve x)? gt T2

(147 e”/*+/d+ex?

Result (type 4, 147 leaves):

2 2 (5d-3ex?)Vd+ex? e
—Jx ( ) +21x3Ar‘cTanh[g] +
147 e3/2 Vd+ex?
i
ivd 5/2 d . . . . e
20+/d (Lﬁ) 1+ S xEllipticF[iArcSinh| T ], -1]

147 Vd + e x?

Problem 18: Result unnecessarily involves imaginary or complex numbers.

J\/; Ar‘cTanh[g} dx
Vd+ex?

Optimal (type 4, 142leaves, 4 steps):
~/ 2
_ M + % X3/2 Ar‘CTanh[ﬁ] +

9+/e 3 \Jd+ex?

2d3/4 (\HJr\/?x) % EllipticF[zAr‘cTan[iAf@], l}
(ﬁ+ﬁx) di/4 2
9e3 4 drext
Result (type 4, 135leaves):

2+/d+ex? Ve x
—7+3xArcTanh[7
Ve Vd+ex?

2
— VX
9

+

]

4

i

A

4@\/5@ J1+L x E1lipticF[i ArcSinh|
Ve ex?

9+d+ex?

L,

Problem 19: Result unnecessarily involves imaginary or complex numbers.
ArcTanh[—\&

\/ d+e x? ]
J\ X3/2 dx
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Optimal (type 4, 113 leaves, 3 steps):

e x? . . eV/*/x 1
2Ar‘cTanh[@} 2el/4 (\/d +\/?x) d . EllipticF[2ArcTan| &% ], 2]
e x? Wd /e x dv4 2
Jaex V| )
v X d/4+/d + e x?
Result (type 4, 111 leaves):

a

i
2ArcTanh[ L% ] 43+e [1.-% xEllipticF|iArcsinh[1"—], _1]
d+e x? ex vx
- +
X T
Vx l\ﬁd Vd+ex?
e

Problem 20: Result unnecessarily involves imaginary or complex numbers.
ArcTanh[@

\/ d+e x? ]
J\ X7/2 dx

Optimal (type 4, 145leaves, 4 steps):

2Ar‘cTanh[ﬂ
4\5\/@ \ d+e x?
C 1sdx®?r 5 x5/2
2 @5/4 (\/?+\/?x) —deex? EllipticF[ZAr‘cTan[%E], ~
(Va /e x| d/ 2
15d5/4+/d+ex?

Result (type 4, 142leaves):
2 [2\/?X\/d+ex2 +3dAr‘cTanh[ﬂ]]

d+e x?
15 d x5/2
N
4 | id g2 [q, 4 x E1lipticF[i ArcSinh| i |, -1]
NFY e x? Vx

15d3/2+/d + e x2

Problem 21: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTanh[ﬂ

/ d+e x? ]
J X11/2 dx

Optimal (type 4, 173 leaves, 5steps):
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2Ar‘cTanh[ﬂ}
4/e Vdrex? 20e32-/diex?  deex?
_ + - +
63 dx7/2 189 d2 x3/2 9 x%/2
1074 (Vd +\e x| | —%e— Elliptick[2ArcTan[ ], 1]
(\/?H/?X)z di/4 2
189d°/4+/d + e x?

Result (type 4, 154 leaves):
4+Je x/d+ex? (—3d+5ex2) —42d2Ar‘cTanh[ﬂ}

d+e x?
N
189 d? x°/2
ia
20 | 1L @3 [14 -9 yEllipticF[iArcSinh| i ], -1]
N o VX

189d°/2+/d + e x?

Problem 22: Result unnecessarily involves imaginary or complex numbers.
ArcTanh[@

/ d+e x? ]
J\ XlS/Z dx

Optimal (type 4, 201 leaves, 6 steps):

2Ar‘cTanh[—\&]
4+/e VJdrex? 36e¥2+/drex? 60e>2-/d+ex? drex?
_ N _ _ _
143 d x11/2 1001 d2 x7/2 1001 d3 x3/2 13 x13/2
d+ex? el/4+/x 1
30 e13/4 (\/?+\/?x) +—2 EllipticF{ZAr‘cTan[li/\‘/l—}, f] /
(Va + e x| d 2

(1901 dB34\/d+ex? )

Result (type 4, 163 leaves):
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1 2+e xVd+ex? (7d2—9dex2+15e2x4) Ve x
2 |- - 77 ArcTanh [ ————] -
1001 x13/2 o Jdiex®
id
30JDE e4\/1+% x15/2 E1lipticF [i ArcSinh | Je ], -1]
e ex Nra

d772d+ex?

Problem 23: Result unnecessarily involves imaginary or complex numbers.

e X
Jx”z Ar‘cTanh[L] dx
Vd+ex?
Optimal (type 4, 297 leaves, 7 steps):
28dx3/2\/d+ex? 4x7/2+/d+ex? 28 d2+/x Vd+ex? 2 512 prcT h[ Ve x }
- - + =X rcTanh| ———| +
405 e3/2 81e 135 e2 (ﬁ+ﬁx) 9 Vd+ex?
28 d%/4 (\/?+\/?x) —deex? - Ellip‘u:icE{ZAr'cTan[—\Qel’/4 i }, l]
('\HJH\/FX) dl/4 2
135e%/4+/d + e x?
14 d°/4 (\/F-%—\/?X) —deext EllipticF[ZAr‘cTan[M}, 2]
(\HJr\/?X) di/4 2
135e%/4+/d + e x?

Result (type 4, 224 leaves):

e X
14d>+4dex?-10e*x* +45e¥2x3 \[d+ e x? ArcTanh[L} -
Vd+ex?

42d*? |1+ —— EllipticE[i ArcSinh]

42d*? |1+ —— EllipticF|i ArcSinh|
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Problem 24: Result unnecessarily involves imaginary or complex numbers.
Ve x

Jx”z ArcTanh | | ax
Vd+ex?
Optimal (type 4, 269 leaves, 6 steps):
4x3/2+/d + e x? 12d+/x Vd+ex? 2 Ve x
- + + = x*2 ArcTanh | ————| -
25/e 25e(x/?+\/?x) 5 vd+ex?
12d%% (Vd ++/e x| [ —%=%— EllipticE[2ArcTan[ <00, 1]
(Vd e x| v/ 2
+
25 e5%/4+/d + e x?
6d%/4 (\/?Jr\/?X) % EllipticF[ZAr‘cTan[%@], l}
(W+\/?X) qv/4 2
25e°/4+/d + e x?
Result (type 4, 211 leaves):
2% Ve x ive x 2d+2ex2-5+/e x~/d+ex? Ar‘cTanh[ﬁ] -
d Vd+ex?

R .
632 |14 2% EllipticE[i ArcSinh| Ve x ], -1]+
d Vd

2 . .
62 |14 EllipticF[i ArcSinh| ive x ], -1] / 25e ive x \d+ex?
d V@ Nel

Problem 25: Result unnecessarily involves imaginary or complex numbers.

ArcTanh | e x

[,
Vx

Optimal (type 4, 232 leaves, 5steps):
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_M+2WAr‘cTanh[&] +
Vd e x Vdrext
4 di/4 (\HJr\/?X) MEllipticE[ZAr‘cTan[%], ﬂ
el*drex? _
2dt/4 (\Hm/?x) MEllipticF[ZAr‘cTan[%], 7]
el’4\/d+ex?

Result (type 4, 182leaves):

ive x v/ d+ex? Ar‘cTanh[ﬂ} -
\d Vd+ex?

2+/x

EllipticE[i ArcSinh|

EllipticF[i ArcSinh|

Problem 26: Result unnecessarily involves imaginary or complex numbers.

Ar‘cTanh[—\@

\/ d+e x? ]
J\ X5/2 dx

Optimal (type 4, 272 leaves, 6 steps):

2Ar‘cTanh[L}
4+Je Vd+ex? 4de~x Vd+ex? dex?
_ + - -
3d/x 3d(ﬁ+\/FX) 3%
4 3/4 (\/?+\/?x) Wd_jx?x)z EllipticE[2ArcTan|® dwx | 2}
.
3d344/d +ex?
2094 (V@ +Ve x| | —%X Elliptick[2ArcTan| =00, 1]
(ﬁn/?x)z d1/4 2
3d34/d+ex?

Result (type 4, 214 leaves):

| 7
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i Ve x 2+e x <d+ex2) +dA/d+ex? Ar‘cTanh[&]
Vd Vd+ex?

+

e x
4-/d ex? [1+ EllipticE[i ArcSinh|

e
4+/d ex? |1+ X EllipticF [i ArcSinh|

Problem 27: Result unnecessarily involves imaginary or complex numbers.
ArcTanh[@

\/ d+e x? ]
J\ X9/2 dx

Optimal (type 4, 302 leaves, 7 steps):

2Ar‘cTanh[—*&]
4+/e Vdrex?2 12e32-/d+ex? 12 e2+/x Vd+ex? dve x?
- + - - +
35d x°/2 35d2/x 35 g2 (\H+v?x) 7 x7/2
1274 (Vd +/e x| [ —=° EllipticE[2ArcTan[ 0], 1]
(Ve %)’ @ 72
35d7/4+/d+ex?
6e’/4 (\HJr\/?x) —diex? EllipticF[2Ar‘cTan[iﬂ\E]J l}
(Vd e x)? /4 2
35d7/4+/d + e x?
Result (type 4, 234 leaves):

]'l\/?X
\d

2+/e x (—d2+2dex2+3e2x4) -5d%2+/d+ex? Ar‘cTanh[&] -
Vd+ex?

2

]i\/?X
Vd

e X
6vd e?x* |1+

EllipticE|i ArcSinh|

2
|, -1] +6+/d e2x* 1+e;(

EllipticF[i ArcSinh|

A/ d+ex?

Vd
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Problem 31: Unable to integrate problem.

1+cx

dx

1-c2x?

J\(a+bAr‘cTanh[@])3

Optimal (type 4, 409 leaves, 9 steps):

2 a+bAr‘cTanh[@])3ArcTanh[1— 2

—
l+cx 17\/1”

N 1+cx

- +
C

2

2
3b (a +bAr‘cTanh[@] PolyLog[Z, 1-

1+cx 17\/17”
\/1vcx
2c
2
3b (a+bAr‘cTanh[@]) Polylog[2, -1+ —72
A/ 1+cx W 1-cx
q_Viex
NETE

2c¢C

3 b2 (a+bAr‘cTanh[@}) PolyLog[3, 1- —2
pe—

1+cx 17\/1”
\/1-cx
+
2c¢C
3 b2 (a+bAr‘cTanh[E}) Polylog[3, -1+ —2
A/ 1+cx 17x1—cx
W 1rex
+
2c¢C
3b3PolylLog|4, 1- —2 3 b3 PolylLog|4, -1+ —2
yLog[4, limx] yLog|4, e
Jieex Vieex
4c 4c

Result (type 8, 42leaves):

1+cx

dx

J (a + bAr‘cTanh[3E])3

1-c2x?

Problem 32: Unable to integrate problem.

1+cx

dx
2

J‘ (a + bArcTanh[@] )2

1-c?x

Optimal (type 4, 268 leaves, 7 steps):
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2
2 [a+bArcTanh| @] ) ArcTanh[1- —*2
1+cx 1 1-cx
A 1+cx
- +
C
b (a+bArcTanh [ @] ) PolyLog [2, 1- L
A/ 1+Cx

17\/1—()(
\/1+cx

C

b

a+bArcTanh| @] ) Polylog[2, -1+ —3
A1+ X W 1-cx
1 Viex

A 1+cx

b2 PolylLog[3, 1- —2*—] b?Polylog[3, -1+ —2

1 Viex 1 e
\ 14cx W 1+ex
+
2c 2c¢C

Result (type 8, 42 leaves):

J\(a+bAr‘cTanh[@])2

1+cx

dx
1-c2x?
Problem 47: Result more than twice size of optimal antiderivative.
jx ArcTanh[Tanh[a + b x] ]2 dx
Optimal (type 3, 34 leaves, 3 steps):

xArcTanh[Tanh[a+bx]]® ArcTanh[Tanh[a+bx]]*
3b 12 b2

Result (type 3, 74 leaves):

. (a+bx) (—(3a—bx> (a+bx>2+

4 (2a*+abx-b*>x*) ArcTanh[Tanh[a+bx]] -6 (a-bx) ArcTanh[Tanh[a + b x] }2)

Problem 57: Result more than twice size of optimal antiderivative.
JX ArcTanh[Tanh[a +b x]]3 dx
Optimal (type 3, 34 leaves, 3steps):

x ArcTanh[Tanh[a+bXx]]* ArcTanh[Tanh[a+bx]]?
4b 20 b2

Result (type 3, 99 leaves):
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1

20 b?
10 (2a*+abx-b®x*) ArcTanh[Tanh[a+bx]]?-10 (a-bx) ArcTanh[Tanh[a +bx]]>

(a+bx) (<4a—bx) (a+bx)3—5 (3a-bx) (a+bx)2Ar‘cTanh[Tanh[a+bx]]+

Problem 71: Result more than twice size of optimal antiderivative.
Jx ArcTanh[Tanh[a +b x]]%dx
Optimal (type 3, 34 leaves, 3 steps):

x ArcTanh[Tanh[a+bXx]]> ArcTanh[Tanh[a+bx]]®
5b 30 b?

Result (type 3, 125leaves):

v (a+bx) ((Sa—bx) (a+bx)*-6 (4a-bx) (a+bx)>ArcTanh[Tanh[a+bx]] +
30

15 (3a-bx) (a+bx)2Ar‘cTanh[Tanh[a+bx]]2—
20 (2a%*+abx-b®x*) ArcTanh[Tanh[a+bx]]?+15 (a-bx) ArcTanh[Tanh[a +bx]]*

Problem 78: Result more than twice size of optimal antiderivative.

ArcTanh[Tanh[a+bx]]*
J dx

X6

Optimal (type 3, 31leaves, 1step):
ArcTanh[Tanh[a+bx]]°
5x° (bx-ArcTanh[Tanh[a+bx]])

Result (type 3, 66 leaves):
1
- (b*x* + b?> x> ArcTanh[Tanh[a + b x] ] +
5x
b®>x* ArcTanh[Tanh[a +bx]]?+bxArcTanh[Tanh[a +bx]]?+ArcTanh[Tanh[a+bx]]*)

Problem 84: Result more than twice size of optimal antiderivative.
Jx ArcTanh[Tanh[a +b x]]%dx
Optimal (type 3, 34 leaves, 3 steps):

x ArcTanh[Tanh[a+bx]]7 ArcTanh[Tanh[a+bx]]?8
7b 56 b2

Result (type 3, 177 leaves):
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1
56b2
28 (5a-bx) (a+bx)*ArcTanh[Tanh[a+bx]]2-56 (4a-bx) (a+bx)>
ArcTanh[Tanh[a+bx]]?+70 (3a-bx] (a+bx)2Ar‘cTanh[Tanh[a+bx]}4—
56 (2a*+abx-b®x*) ArcTanh[Tanh[a +bx]]®+28 (a-bx) ArcTanh[Tanh[a +bx]]®

(a+bx) (<7a—bx) (a+bx)6—8 (6a-bx) (a+bx)5Ar‘cTanh[Tanh[a+bx]]+

Problem 286: Result more than twice size of optimal antiderivative.

JAr‘cTanh [c+dTanh[a+bx]] dx

Optimal (type 4, 150 leaves, 7 steps):

(1_ C—d) eZa+2bx

1
x ArcTanh[c+dTanh[a+bx]] + — x Log[1 +
2

} _

1-c+d

1 Log] 1 (1+c+d) e2a+2bx} PolyLog[z,—i—)—l’c’l‘icf;aim} PolyLog{Z,—3—)—1*“1‘1;;3*“?
Z xLlo -
2 LT l+c-d : 4b 4b
Result (type 4, 366 leaves):
x ArcTanh[c +dTanh[a+bx]] +

A/ _ +b A/ _ +b
= (a+bx) Log[1- 1rcrd et X]+(a+bx) Log[1+ lrc+d e X]f
2b Vi-c+d Vicrd

/ +b A/ +b

(a+bx) Log[1- 1rcrd et X]f(a+bx) Log[1+ trerd et X}Jr
Vv-1-c+d v-1-c+d

a Log[1+c—d+e2 (avbx) | ¢ @2 (atbX) | { @2 (a+bx)] _
a LOg[1+d+e2 (a+b x) 7dez (a+b x) _c <1+e2 (a+bx))] 4

V-1l+c+d ehbx V-1l+c+d e?*bx
PolyLog[Z, - ] +PolyLog[2, }
V1i-c+d V1i-c+d
4/1 c+d a+b x All c+d a+b x
PolyLog[Z,— rerf e ]—PolyLog[Z, terf e }
V-l-c+d V-1-c+d

Problem 291: Result more than twice size of optimal antiderivative.

jAr‘cTanh[ler +dTanh[a+bx]] dx

Optimal (type 4, 69 leaves, 5steps):

b x2 1 Polylog|2, - (1+d) e?2-20X]

+XxArcTanh[1+d+dTanh[a+bx]] - —xLog[1+ (1+d) e2?20]
2 2 4b

Result (type 4, 168 leaves):
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1
xArcTanh[l+d+dTanh[a+bx]] - —
2b

bx [-bx-Log[e®®*+ (1+d) e®®*]| +Log[1-e®*\/-(1+d)e®® |+

Log[1+e”* /- (1+d)e’® | +Log[(2+d) Cosh[a+bx] +dSinh[a+bx1]) +

PolyLog[Z, —ePX /- (1+d) e?? ] +P01yLog[2, ePx . /- <1+d> e?? ])

Problem 296: Result more than twice size of optimal antiderivative.

JAr‘cTanh[l—d -dTanh[a+bx]] dx

Optimal (type 4, 76 leaves, 5steps):

2 Polylog|2, - (1-d) e?2+2bx
bx +xAr'cTanh[17d7dTanh[a+bx}]71xLog[1+<1fd) e?ar2bx] _ olyLog 2, <b Je }
2 2 4

Result (type 4, 171 leaves):

1
xArcTanh[l-d-dTanh[a+bx]] - —
2b

bx [-bx-Log[e?®* (-1+ (-1+d)e®@®¥ )] +Log[1-e"*\/(-1+d)e®® |+

+

Log[1+e”*/(-1+d) e?® | +Log[(-2+d) Cosh[a+bx] +dSinh[a+bx]|

PolylLog[2, -€°*./ (-1+d) e*® | + PolyLog[2, €®*+/ (-1 +d) e*? ])

Problem 300: Result more than twice size of optimal antiderivative.

JAr‘cTanh [c+dCoth[a+bx]] dx

Optimal (type 4, 150 leaves, 7 steps):

(1_ C—d) eZa+2bx

1
x ArcTanh[c +dCoth[a+bx]] + foog[l—
2

1-c+d
L Loga. (Lrcrd) @irIve Polylog2, SRR polylog|2, St
2 1+c-d ab i

Result (type 4, 369 leaves):
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x ArcTanh[c +dCoth[a+bx]] -

1 Vo Ticid eabx Vo Ticod eabx
— |- (a+bx) Log|1l- - (a+bx) Log|1+ +
b /
2 -1+c-d V-1+c-d
/ +b A/ +b
(a+bx) Log[1- lrced e X]+(a+bx) Log[1+ lrcvd el X}+
Jitc-d Vi+vc-d

aLOg[1+d—e2 (atbx) | d g2 (a+bx) | (_1+ez (a+bx)” _
a LOg[1+C—<e2 (a+b x) _Cez (a+b x) -d <1+e2 (a+bx))] _

V-1+c+d ebX V-1+c+d e®bx
PolyLog[2, - | - Polylog|2, ]+

A/1 c+d a+b x All c+d a+b x
PolyLog[Z, - rerf e ] +PolyLog[2, trf e }

Problem 305: Result more than twice size of optimal antiderivative.

JAr‘cTanh[ler +dCoth[a+bx]] dx

Optimal (type 4, 69leaves, 5steps):

2 Polylog|2, (1+d) e?@+2bx
bx +xAr'cTanh[1+d+dCoth[a+bx}]—leog[l—<1+d) e2ar2bx] _ olytog[2, (1+d) e ]

2 2 4b
Result (type 4, 168 leaves):

1
xArcTanh[l+d+dCoth[a+bx]] - —
2b

bx [-bx-Log[e?®* (-1+ (1+d) e @) ] +Log[1-e"*,/(1+d)e®® |+

+

Log[1+e”* ./ (1+d) e?? | +Log[dCosh[a+bx] + (2+d) Sinh[a+bx]]

PolylLog[2, -€°* ./ (1+d) e*? | + PolyLog[2, e”*/ (1+d) 22 ])

Problem 310: Result more than twice size of optimal antiderivative.

JAr‘cTanh[l—d -dCoth[a+bx]] dx

Optimal (type 4, 76 leaves, 5steps):

2 Polylog|2, (1-d) e?2+2bx
bx +xAr‘cTanh[1—d—dCoth[a+bx1]—leog[l—(l—d) @?2+2bx] _ olytog|2, | L ]

2 2 4b

Result (type 4, 175leaves):
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1
xArcTanh[1l-d-dCoth[a+bx]] - —
2b

bx [-bx-Log[e®®* (1+ (-1+d) e @) ] +Log[1-e"* /- (-1+d)e®® |+

Log[1+e”* /- (-1+d) e®® | +Log[dCosh[a+bx] + (-2+d) Sinh[a+bx1]) +

PolyLog[Z, —ePX /- (—1+d) e?? ] +PolyLog[2, e’* /- (—1+d> e?? ])

Problem 312: Result more than twice size of optimal antiderivative.

J(e +fx)?ArcTanh[Tan[a +bx]] dx

Optimal (type 4, 302 leaves, 12 steps):

i (eJr-Fx)‘lAr‘cTan[zezjl (a+rbx) | (e+-Fx)4Ar‘cTanh[Tan[a+bx]]
af ' af .

i (e+fx)’Polylog[2, -ie?t @] j (e+fx)’Polylog[2, ie?! (0]

4b ' 4b '
3f (e+fx)?Polylog[3, -ie?t @®X | 3f (e+fx)?Polylog|3, ie?! (@b ]

8 b2 ) 8 b2 '
3i 2 (e+fx) PolyLog[4, -ie?!(abx ] 3 f2 (e+Fx) PolyLog[4, i e?® (20X |

8 b3 ) 8 b3 B

33 PolyLog[5, -1 e2! X | 3 f3Ppolylog|s5, ie?! (30X |
+

16 b* 16 b*
Result (type 4, 654 leaves):

1
—x (4e’+6e*fx+4ef? x>+ x*) ArcTanh[Tan[a+bx]] +
4

1

16 b*
8b*ef2x?Log[l-ie* @P¥] 20 x*Log[1-1e? @PX ] 8b%e>xLog[l+1ie?t @PX]
12 b* e? f x? Log[1+ie“(a*bx>] +8b*ef2x3 Log[1+je”<a+bx)} +
2b* 3 x* Log[1+ie?? (@®¥] - 43 b® (e+fx)’PolyLog[2, -ie?* @]
4ib® (e+fx)’Polylog[2, i e?® (¥ ]| .+ 6b2e? fPolylog[3, -1ie?* @]
12b%e f? x Polylog|3, -ie?! (@®X) ] 1 6 b2 f3 x> Polylog|[3, -1 e?* (30X ] _
6 b2 e’ f Polylog|3, i e @ | —12b%e f? x Polylog[3, i e?! (@PX) ] -
6 b? > x? PolyLog[3, i € (**®¥ | + 6 bef?PolylLog[4, -ie?! (@PX)]
6ibf>xPolylog[4, -ie*’ @P¥ ] _6ibef?PolylLog|4, ie?! (@P0X ] -
61ibf>xPolylog[4, ie?! @®¥ ] 3£ polylog|5, -ie?! @®¥ ] +3fPolyLog[5, ie?* (a*b’”])

(—8 b*e*x Log[1-1ie?* @PX ] _12b*e? fx?Log[l-ie’! (@PX] -

Problem 319: Result more than twice size of optimal antiderivative.

JAr‘cTanh[c +dTan[a+bx]] dx

Optimal (type 4, 194 leaves, 7 steps):
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x ArcTanh[c+dTan[a+bx]] +
1 (1-c+id)extazibx g (1+c-id)e2ia2ibx
~xLlog[1+ : | - =xLog[1+ : ] -
2 l1-c-1id 2 l+c+1id
. _ 1-c+1d eZna+anx . B 1ic-id EZnafznbx
i Polylog|2, i—)—l—c—jd ] . i PolyLog|2, 1—>—1+cﬂid ]
4b 4b

Result (type 4, 4654 leaves):

x ArcTanh[c+dTan[a+bx]] +

d —aLog[fsec[l (aerx)]2 ((-1+c) Cos[a+bx] +dSin[a+bx])] +
2

aLog[Sec[l (a+bx”2 (Cosfa+bx] +cCos[a+bx]+dSin[a+bx])]+
2

—d+vV1-2c+c2+d?
(a+bx) Log| d+V1-2crcird +Tan[l(a+bx)H+
-1l+c 2
—d+vV1-2c+c2+d?
d+vV1-2c+cc+d +Tan{l(a+bx>H—

(-1+¢) <1+J'1Tan[§ (a+bx)]) | Log]
2

ilog|
“1+c+id-ivV1-2c+c?+d? -1l+c

“1+c) [i+Tan[L (a+bx divI i L2
(-1+c) (i+Tan[2 ( )])]Log[ d x/1_12+C d +Tan[§(a+bx)“+

ilog|-
i-ic-d+V1-2c+c?+d?
Jizc i d
drvi-2c+ci+d +Tan[l(a+bx)H+
2

b L
(a+bx) og| -

~1+¢) (—i+Tan[%(a+bx)]) d+m+Tan[l(a+bX)H—
2

iLog[( | Log|
i-ic+d+V1-2c+c?+d? l1-c
“1+c) [i+Tan[Y (a+bx Ji-2cici-d?
( >< [2( >”}Log[d+ 1-2c+c*+d +Tan[l<a+bx)H—
1-c 2

ilog|
—i+ic+d+V1-2c+c?+d?
\/ﬁ
d+V1+2c+cc+d +Tan[l (a+bx)H—

b L -
(a+bx) Log| - A
1+c) (-i+Tan[L (a+bx Viizeci2id
J'].Log[( )( [2( H)}Log[—dJr 1+2c+c“+d +Tan{l(a+bx)H+
—i-ic+d+V1+2c+c?+d? l+c 2
1+c) (i+Tan[L (a+bx Jii2cscl-d?
( )( [2< )])]Log{—dJr 1+2c+c+d +Tan[l<a+bx)H—
1+c 2

iLog|
i+ic+d+V1+2c+c?+d?
~d+V1+2c+c?+d? +(1+c)Tan[§(a+bx)]}
4

(a+bx) Log|
l1+c

(1+c¢) (1—]‘1Tan[l (a+bx”)
ilog] 2
l+c-id+iV1+2c+c?+d?
—d+V1+2c+c?2+d? + (1+C) Tan[l (a+bx>]
2 | -1iLog|

Log[ 1+cC
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(1+¢) (1+J’1Tan[§(a+bx)])}Log[—d+\/1+2c+c2+d2 +(1+c)Tan[%(a+bx)]]+
1+c+id-iV1+2c+c2+d? l+c
d+rvV1-2c+c2+d? - (—1+c)Tan[l (a+be
i Polylog|2, 2 ] -

i-1c+d+V1-2c+c?+d?
d+vV1-2c+c?2+d? - (—1+c)Tan[§ (a+bx)]

i Polylog|2, ] -

~i+ic+d+V1-2c+c?+d?
-d+vV1-2c+c?2+d? +(—1+c)Tan[§ (a+bx)]

i Polylog|2, ]+

i-i1c-d+V1-2c+c?+d?
~d+V1-2c+c?2+d? +(—1+c)Tan[§ (a+bx>]

—i+ic-d+V1-2c+c?+d?
d+vV1+2c+c?2+d? - (1+c)Tan[§ (a+bx)]

i PolyLog|2, ] +

—i-ic+d+V1+2c+c?+d?

1+2c+c?2+d? - (1+c) Tan[l (a+bx)]
i Polylog|2, ? ] +

i+i1c+d+V1+2c+c?+d?
“d+v1+2c+c?+d? +(1+c)Tan[§(a+be

—i-ic-d+V1+2c+c?+d?
~d+V1+2c+c?+d? +(1+C)Tan{§(a+bx)}

i+ic-d+V1+2c+c?+d?

i Polylog|2,

] _

i Polylog|2,

} _

i PolyLog|2,

(-((2a) /(b (-1+c?+d*-Cos[2 (a+bx)] +c*Cos[2 (a+bx)]|-d*Cos[2 (a+bx)]+
2cdsin|[2 (a+bx)])))+(2(a+bx)) /(b (-1+c*+d*-Cos[2 (a+bx)]+

/

c®Cos[2 (a+bx)] -d*Cos[2 (a+bx)]|+2cdSin[2 (a+bx)])))

B \/ﬁ \/ﬁ

Log[ devil-2c+c+d +Tan[l(a+bx)H+Log[dJr 1-2c+ci+d +Tan[1<a+bx)H—
-1+c 2 1-c 2
\/ﬁ
Log[fdJr 1r2c+ci+d +Tan[l(a+bx)Hf
1+cC 2

—d+\/1+2c+c2+d2+(1+c)Tan[l(a+be

Log| 2 |+
1+cC
Log[ —d+1/ 1+2 c+c?+d? + (1+c) Tan[% (a+bx)} ] Sec[l (a N bX) }2
1+C 2

2(1—1‘1Tan[§ (a+bx>”



18 | Mathematica 11.3 Integration Test Results for 7.3.7 Inverse hyperbolic tangent functions.nb

Log[@JrTan[i (a+bX)H Sec[i (aerxH2

-1+cC

+

2(1+iTan[} (a+bx)])

—d+1/ 1+2 c+c?+d? +(1+C)Tan{§(a+bx)w

1+c

2(1+iTan[2 (a+bx)])

Log| ]Sec[%(a+bx”2

+

JiLog[4:d+ 1-2c:c?ed? +Tan[§ (a+bx)]] Sec[i (aerx)]2

1-c

2 (—j+Tan[i (a+bx)])

iLog[—@JrTan[% (a+bx)]] Sec[% (a+bx”2

1+c

2 (—1+Tan[% (a+bx”)

jLog[@+Tan[i (a+bx)]] Sec[i (aerxH2

-1+c

2

1'1+Tan[§ (a+bx)”

iLog[@+Tan[% (a+bx)]] Sec[% (a+bx)]2

+

2 (1'1+Tan[i (a+bx)])

jLog[—@+Tan[i (a+bx)H Sec[i (aerxH2

1+c

+

2 (i+Tan[i (a+bx)])
(a+bx) Sec[% <a+bx)]2

, (gw (a+bx)]

-1+c

(-1+c) (1+]i Tan B— (a+b x) D

~l+c+id-i+/1-2 crc2+d?
—d++/1-2 24d?
2( * Sl +Tan{§(a+bx>]

-1+c

iLog| }Sec[§<a+bx)]2

(-1+c) (J‘L+Tan “— (a+b x) ])

i-i c—d+~/1-2 c+c?+d?
_ { _ 2. 42
2( de1-2crc’+d +Tan[l<a+bx)]
2

-1+c

ilog|- ]Sec[%(a+bx)]2

(a+bx) Sec[i (a+bx”2

2 (4:‘1* 1-2cicted? +Tan[§ (a+bx)]

1-c
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(-1+c) [~i+Tan “7 (a+b x) ])

i-i c+d+q/ 1-2 c+c?+d?
[1- 2,42
2 {m 1-2c+c’+d +Tan|[2 (a+bx”)
2

ilog| ]Sec[i(aerx)]2

1-c

(-1+c) (J’HTan“— (a+b x) U

—i+i c+d+r/ 1-2 c+c2+d?
{ B 2,42
2 [d+ 1-2cxc’xd JrTan[l (a+bx)]
2

iLog| }Sec[%(awx)]z

1-c

(a+bx) Sec[i (aerxH2

1+c

2 (_ d+1/1+2 c+c+d? +Tan[§ <a +bX>]

(1+c) (—J’HTan“— (a+b x) U

—i-1 c+d+~/ 1+2 c+c?+d?
d+r/1+2 c+c?+d?
2 [ e +Tan[% (a+bx)]

ilog| }Sec[i(awx)]z

1+c

(1+c) (juTanH (a+b x) } )

i+ c+d+r/ 142 c+c?+d?
1+2 2,42
2[—‘1* 12cicd +Tan[§(a+bx”

i Log| ]Sec{%(a+bx”2

1+c

drv1-2c+c2+d® - (-1+c)Tan[% (a+bx
( ) [2< >]]Sec[l(a+bx)]
i-ic+d+V1-2c+c?+d? 2

(2[d+m—(—l+c)Tan{ ]—

\/

[Ji (-1+c) Log[1-

(a+bx)]

N |

d+\/1—2c+c2+d27(—1+C)Tan[§<a+bx)]
i(-1+c)Log1- Sec[~ (a+bx) | /
—i+ic+d+V1-2c+c?+d? 2
(2 [d+x/1—2c+c2+d2 —(—1+c)Tan[§(a+bx)] ]+
~d+V1-2c+c2+d?® + (-1+c)Tan[2 (a+bx)] 1 R
i(-1+c)Log[1l- 2 }Sec[f(a+bx”/
i-ic-d+vV1-2c+c?+d? 2

(2 [—d+x/1—2c+c2+d2 + (71+C)Tan[§ (a+bx)})) -
7d+m+(fl+c)Tan[l(a+be 1
2 | sec[= (a+bXx) ]|

—i+ic-d+vV1-2c+c?+d? 2

(2 [—d+\/m+ (—1+c)Tan[§ (a+bx)}))—

N/

[Ji (-1+c) Log[1-
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d+1/ 1+2 c+c?+d? - (1+c) Tan“— (a+b x)w
—i-i c+d+r/ 142 c+c2+d?
2 (d+\/1+2c+c2+d2 - (1+C) Tan[% (a+bx>])

din/1+2 c+c?2+d? - (1+c) Tan“— (a+b x)}
i+1 c+d+~/ 142 c+c2+d?
2 (d+\/1+2c+c2+d2 - (1+c) Tan[% (a+bx>])

i (1+c)Log[1- ]Sec[%(a+bx”2

i(1+c)Log[1-

]Sec{% (a+bx”2

(1+¢) (a+bXx) Sec{i (a+bx”2

2 (—d+\/1+2C+C2+d2 + (1+C) Tan[i (a+bx>])

+

(1+c) (1—11 Tan[% (a+b x) ”

1+c-id+i~/1+2 c+c?+d? ~
2 (—d+\/1+2c+c2+d2 + (1+C> Tan{% (a+bx”)

i(l+c) Log | ]Sec[i(aerxHZ

(1+¢) (1+i Tan“— (a+b x) } )

1+c+1id-1+/1+2 c+c?+d? B
2 (—d+\/1+2c+c2+d2 + <1+C> Tan[i (a+bXH)

—d++/ 142 c+c?+d? + (1+C) Tan{% (a+b X)]
—i-i c-d+/ 1+2 c+c?+d?
2 (—d+\/1+2c+c2+d2 + <1+C> Tan[l (a+bXH)
2

“di[12crctd « (140 Tan[ 2 (@b |
]i+ic—d+\/m
2 (-d+iz2crc?rd + (1+c) Tan[ (a+bx)])

i(1+c) Log| ]Sec[i(a+bx”2

i(1+c) Log[1- }Sec[%(awx)]z

i(1+c) Log[l-

}Sec[% (a+bx)]2

7Sec[1 (a+bx)]2 (dCosfa+bx] - (-1+c)Sin[a+bx]) -

2 1/

aCos[i (a+bx)]2

Sec[l (aerxH2 ((-1+c) Cos[a+bx] +dSin[a+bx]) Tan[1 (a+bx)]
2 2

((-1+c) Cos[a+bx]+dSin[a+bx]) +

2 1 2 . .
aCos[E(a+bx>] Sec[g(a+bx)] (dCos[a+bx] -Sin[a+bx] -cSin[a+bx]) +
1 2 1
Sec|~ (a+bx” (Cosfa+bx] +cCos[a+bx] +dSin[a+bx]) Tan[g <a+bx)] )/
2

(Cosfa+bx] +cCos[a+bx] +dSin[a+bx])

Problem 329: Result more than twice size of optimal antiderivative.
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J(e +fx) * ArcTanh[Cot[a + b x]] dx

Optimal (type 4, 302 leaves, 12 steps):

i (eJr-I:x)‘lAr‘cTan[ze“L (a+bx) | (e +-Fx)4Ar‘cTanh[Cot[a +bx]]
N _

4f 4f
i (e+fx)’Polylog[2, -ie?t @] i (e+fx)’Polylog[2, ie?t (3]
4b ' 4b '
3f <e+-Fx)2PolyLog[3, -1 @2t (abx) ] ) 3f (e+-Fx)2PolyLog[3, ie?t(@bx] .
8 b? 8 b?
3if? (e+fx) Polylog[4, -ie?l (@b | 3] f2 (e+fx) Polylog[4, ie?! (30X |
8 b3 i 8 b3 )

33 PolyLog[5, -1 e2! X | 3 f3polylog|5, i e?! (30X |
+

16 b* 16 b*
Result (type 4, 654 leaves):

1
—x (4e’+6e*fx+4ef x>+ x*) ArcTanh[Cot[a+bx]] +
4

1
16 b*
8b*ef2x®Log[1-1ie?! (¥ ] _2b*f3x* Log[1-1ie?! (@] +8b*e’xLog[l+ie?! (0¥ ]

12b*e? fx? Log[1+1ie?* @PX ] 1 8b*ef2 x> Log[1l+1e?® (@PX]

2b* £ x* Log[1+ie?? (@®¥] - 4ib® (e+fx)’PolyLog[2, -ie?* @]+

4ib® (e+fx)’Polylog[2, i e?! (¥ ]| .+ 6b?e? fPolylog[3, -1ie?* @]

12b%e 2 x Polylog|3, -ie?® (@®X) ] . 6 b f3 x> Polylog|[3, -1 e?* (30X ] _

6 b? e? f Polylog|3, i e?! @] —12b%e f2x PolylLog|3, i e?* @x | -

6 b? > x? PolyLog[3, i € (@*®¥ | 1 6i bef?PolylLog[4, -ie?! (@PX)]

61ibf>xPolyLog[4, -ie?! (@] _6ibef?Polylog[4, i e’ (@PX)] -

61ibf>xPolyLog[4, ie?® @®¥ | _3f3polylog[5, -1e?’ @], 3fpPolyLog[5, ie?* <a+bX>])

(-8b*e’xLog[1-ie?! P ] —12p%e? fx?Log[1-ie?! @] -

Problem 336: Result more than twice size of optimal antiderivative.

JAr‘cTanh[c +dCot[a+bx]] dx

Optimal (type 4, 194 leaves, 7 steps):
x ArcTanh[c+dCot[a+bx]] +

l (1—C—Jld> e2iar2ibx E <1+C+J'1d> e2iar2ibx
xLog[l— - xLog[l— ]—
2 l1-c+1id 2 l+c-1id
. 1-c-id eZna\Zibx . licsid eZﬁa»Zibx
i PolyLog[Z, l—)—l—mid ] . JlPolyLog[z, 1—>—1+c7jd ]
4b 4b

Result (type 4, 4463 leaves):
x ArcTanh[c+dCot[a+bx]] -

d [aLlog|-Sec]| (a+bx)]2 (dCosfa+bx] + (-1+c)Sinfa+bx])] -

N R
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1 2
alog[-Sec|~ (a+bx)] (dCos[a+bx] +Sin[a+bx] +cSin[a+bx])] -
2

_ _ 2 2
l1+c+V1-2c+c4+d +Tan[l (a+bX>H7

d 2

d(-i+Tan[ (a+bx)]] diciVi2caid

(a+bx) Log|-

ilog] | Log| - +Tan[1(a+bx)]]+
-l+c-id+V1-2c+c?+d? d 2
d(i+Tan[Y (a+bx B Ji-2cicisd
]'lLOg[ ( [2< )]) ]Log[— l+c+V1-2c+cc+d +Tan[1(a+bx)]]+
~1+c+1id+V1-2c+c?+d? d 2
\/ﬁ
(a+bx) Log[71+c+ 1+d2c+c +d +Tan[1(a+bx)]]+
2
d(-i+Tan|[Y (a+bx \/ﬁ
]'lLOg[ ( [2< )]) ]Log[—1+c+ 1+2c+c*+d +Tan[1(a+bx)]]f
l+c-1d+V1+2c+c?+d? d 2
d(i+Tan[Y (a+bx \/ﬁ
]'lLOg[ ( [2( )]) Og[—1+c+ 1+2c+c*+d +Tan[1(a+bx)]]f
l+c+id+V1+2c+c?2+d? d 2
1-c+V1-2c+c2+d* +dTan[> (a+bx)]
(a+bx) Log| p 2 ] -
d<fj+Tan[l(a+be) 1-c+V1-2c+c2+d* +dTan[2 (a+bx)]
ilog|- 2 | Log| 2 |+
1-c+id+V1-2c+c?+d? d
d(i+Tan[l(a+bx)]) 1-c+V1-2c+c2+d® +dTan[> (a+bx)]
ilog[- 2 | Log]| 2 |+
1-c-id+V1-2c+c?+d? d
-1-c+V1+2c+c?+d? +dTan[2 (a+bX)]
(a+bx) Log| y 2 |+
d(—i+Tan[l(a+be) -1-c+V1+2c+c?+d? +dTan[2 (a+bX)]
ilog|- 2 | Log| 2 ] -
~1l-c+id+V1+2c+c?+d? d
d(j+Tan[i(a+be) “1-c+V1+2c+c2+d? +dTan[i<a+bx)]
ilog|- | Log| ] -
-1-c-i1d+V1+2c+c?+d? d
-1+c+V/1-2c+c?+d? -dTan[2 (a+bX)]
i Polylog|2, 2 |+

~1l+c-1d+V1-2c+c?2+d?

~l+c+V1-2c+c?+d? -dTan[? (a+bx) ]
i PolyLog|2, : -

-1+c+1id+V1-2c+c?+d?
1+c-vV1+2c+c2+d? —dTan[i (a+bx”

i PolyLog[Z, ] *

l+c+id-V1+2c+c?+d?
l+c+vV1+2c+c?+d? —dTan{% (a+bx”

i Polylog|2, ] -

l+c-id+V1+2c+c?+d?
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l+c+V1+2c+c?2+d? —dTan[% (a+bx”

i Polylog|2, J +
l+c+id+V1+2c+c?2+d?
1-c+V1-2c+c2+d* +dTan[> (a+bx)]
iPolylog|2, 2 ] -

l1-c-i1d+vV1-2c+c?+d?

1-c+V1-2c+c2+d* +dTan[> (a+bx)]
i PolyLog|2, 2 ]+

l-c+id+V1-2c+c?+d?
-1-c+V1+2c+c?+d? +dTan[l (a+bx)]
: ]

~1-c+1d+V1+2c+c?+d?

((2a) /(b (1-c®-d*-Cos[2 (a+bx)]+c*Cos[2 (a+bx)]|-d?Cos[2 (a+bx)] -
2cdsin[2 (a+bx)]))-(2(a+bx)) /(b (1-c>-d*-Cos[2 (a+bX)]|+

i PolyLog[Z,

c®Cos[2 (a+bx)] -d*Cos[2 (a+bx)]|-2cdsSin[2 (a+bx>])))]/

~1+c+V1-2c+c?+d?

1
- Log|- Tan[= (a+b
og| y +an[2(a+ X)H+
l+c+V1+2c+c2+d? 1
Log| - +Tan[= (a+bx)]] -
d 2
1-c+V1-2c+c2+d? +dTan[l (a+bx”
Log[ 2 ]+
d
-1-c+V1+2c+c?+d? +dTan[2 (a+bX)]
2
Log| |-
d
jLog[—@+Tan[i (a+bx)]] Sec[i (a+bx)]2
N
2 (—j+Tan[% (a+bx)])

i Log[—Lc+ Le2coched +Tan[> (a+bx)]] sec[ (a+bx)]?

d

2 (—11+Tan[% (a+bx)”

1-c+/1-2 c+c?+d? +d Tan[i— (a+b x) }

iLog| y ]Sec[i (aerxH2
n
2(7]‘1+Tan[§ (a+bx)])
i Log[—lfCH 1+2C+c2+dj1 +dTan{£(a+bx)]} Sec[% <a+ bx> ]2

+

2 (—11+Tan[% (a+bx)”
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i Log}LhG 1-2c:c?rd? +Tan[§ (a+bx)]] Sec[i (aerx)]2

d

2 (1’1+Tan[§ (a+bx)])

i Log[—éE L2crcted® +Tan[§ (a+bx)]] Sec[% (a+bx)]2

d

+

2 (i+Tan[i (a+bx)])

1-c++/1-2 c+c?+d? +d Tan[% (a+b x) }

d

iLog| ]Sec[i(aerxHZ

2 (11+Tan[§ (a+bx)”

~1-c+1/ 1+2 c+c?+d? +d Tan {% (a+b x) ]

d

2 (j+Tan[i (a+bx)])

iLog| ]Sec[%(a+bx>]2

(a+bx) Sec[i (aerx)]2

2 (_MJrTanE (a+bx)}

d

d (—J‘HTan“— (a+b x) U

~1+c-1i d+~/ 1-2 c+c?+d?

ilog| }Sec[i(awx)]z

+
2 [ —1l+c+n 1::|ZC+C2+d2 +Tan[i (aerX)}J
) 1
]]_Log[ d(1+Tan{;(a+bx)]) } Sec[l <a+bx>]2
—1+c+1 d+r/1-2 c+c?+d? 2
+
> (_ 71+c+3{17dzc+c2+d2 +Tan[§ (a + bXH
, d (—1'1+Tan[i—(a+bx)” 1 2
(a+bx) Sec[i(aerxHZ i Log| Jsec| (a+bx)]

1+c-1 d+a/ 142 c+c?+d?

+

2 [_ 1+C+3[1+2C+C2+d2 +Tan[% (a + bX) ]

d

R Tl

d

d (I‘L+Tan“— (a+b X)H

1+c+1 d+r/ 1+2 c+c2+d?
1+c+q/1+2 c+c2+d?
2[ eSAVELP RS +Tan[i(a+bx)]

d

ilog| ]Sec[%(a+bx”2

~1+c+~/1-2 c+c?+d? -d Tan“— (a+b x) w
~1+c-i d+~/ 1-2 c+c?+d?
2 (71+C+\/172C+c2+d2 —dTan[i (a+bx)])

idlog[1- ]SeCE(anbXHZ
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~1+c+/1-2 c+c?+d? -dTan “— (a+b x) w
—1+c+i d+r/ 1-2 c+c?+d?

idLog[1l- ]Sec[%(a+bx”2

2(-1+ceV1-2cec?ed® ~dTan[? (a+bx)]]

1+c-+/ 1+2 c+c?+d? -d Tan[% (a+b x) w
1+c+i d-v/ 142 c+c?+d?

idlog[l- }Sec[%(awx)]z

2(1+C7\/1+2C+C2+d2 —dTan[§<a+bx)])

1+c+q/ 1+2 c+c?+d? —d Tan[% (a+b X)w
1+c-1i d+1/ 142 c+c?+d?

idlog[1l- }Sec[%(awx)]z

2(1+c+\/1+2c+c2+d2 —dTan[i<a+bx)])

1+c+r/ 1+2 c+c?+d? -d Tan[% (a+b x)}
1+c+1 d+r/ 142 c+c2+d?
2 (1+c+\/1+2c+c2+d2 —dTan[i <a+bx>])

idLog[1l- }Sec[i(aerx)]z

d (a+bx) Sec[% (a+bx>]2

2 (1—c+\/1—2c+c2+d2 +dTan[i (a+bx)])

d (—J‘HTan“— (a+b X)H

1-c+i d+v/ 1-2 c+c?+d?

2 (1—c+\/1—2c+c2+d2 +dTan[® (a+bx)])
2

idLog|- }Sec[i(a+bx)]2

+

d (1'1+Tan“— (a+bx)”
1-c-i d+v/1-2 c+c?+d?
2 (17C+\/172C+C2+d2 +dTan[i (a+bx)])

1-c+~/1-2 c+c?+d? +d Tan[% (a+b x)}
1-c-1id+/1-2 c+c?+d?
2 (17c+\/172c+c2+d2 +dTan[§ <a+bx)])

idLog|- }Sec[%(awx)]z

idLog[1l- }Sec[i<a+bx)]2

1*C+m+<ﬂan[§ (a+bx) |
2 (1-ciVi 2c @ caTan[E (asbx)]]

]’ldLOg[lf }Sec[i(a+bx)]2

d(a+bx) Sec[% <a+bx)]2

2(717c+\/1+2c+c2+d2 +dTan[2 (a+bx)”

2

+

d (—J'HTan“— (a+bx)”
~1-c+i d+a/ 1+2 c+c?+d?
2 (717c+\/1+2c+c2+d2 +dTan[i (a+bx)”

idLlog|- ]Sec[%(a+bx”2
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d (J’HTanP— (a+bx)”
—1-c-i d+~/ 1+2 c+c?+d? B
2 (—1—c+\/1+2c+c2+d2 +dTan[? (a+bx)”

2

—1-c+~/1+2 c+c?+d? +d Tan[% (a+b x)w
—1-c+1 d+~/ 1+2 c+c?+d?
2 2 1
2 (71—C+\/1+2c+c +d +dTan[E <a+bx)])

idLog|- ]Sec[i(aerx)]z

idlog[1l- ]Sec{%(a+bx”2

-Sec]| (aerx)]2 ((-1+c) Cosfa+bx] -dSin[a+bx]) -

aCos[% (a+bx>]2

N |

Sec[l (aerxH2 (dCos[a+bx] + (-1+c)Sin[a+bx]) Tan[1 (a+bx) ]
2 2

(dCos[a+bx] + (-1+c)Sinfa+bx]) +

aCos[i (a+bx>]2

1 2
-Sec[~ (a+bx)]" (Cos[a+bx] +cCos[a+bx] -dSin[a+bx]) -
2

1 2 . . 1
Sec[~ (a+bx)]|" (dCos[a+bx] +Sin[a+bx] +cSinfa+bx]) Tan[~ (a+bx) |
2 2

(dCos[a+bx] +Sin[a+bx] +cSin[a+bx])

Problem 346: Result more than twice size of optimal antiderivative.

JAr‘cTanh [e*] dx

Optimal (type 4, 21leaves, 2 steps):

1 PolyLog[2, -e*| + : PolyLog|2, €|
2 2

Result (type 4, 46 leaves):

x ArcTanh[e*] + 1 (-x (-Log[1-e*] +Log[1+e*]) - PolylLog|2, -e*] + PolyLog|2, e*])
2

Problem 361: Result unnecessarily involves higher level functions.

J(a+bAr~cTanh[c x"]) (d+elLog[fx"]) 5
X

X

Optimal (type 4, 136 leaves, 11 steps):
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aelog[fx"?2 bdPolylLog[2, -cXx"]

adLlog[x] + -
2m 2n
belog[fx"] PolyLog[2, -cx"] bdPolyLog[2, cx"]
+ +
2n 2n
belog[fx"] PolyLog[2, cx"] bemPolylLog[3, -cx"] bemPolylLog[3, cx"]
+ _
2n 2n? 2 n?

Result (type 5, 114 leaves):

_bcemx” Hyper‘geometr‘icPFQH%, %, %, 1}, {%, %, 2}, c2x2n] ) 1
n? n
, 11 3 3
b ¢ x" HypergeometricPFQ[{ =, =, 1}, {=, =}, ¢*x*"| (d+eLog[fx"]) +
2 2 2 2

1
~alog(x] (2d-emlog[x] +2eLog[fx"])
2
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Summary of Integration Test Results

361 integration problems

A - 330 optimal antiderivatives

B - 16 more than twice size of optimal antiderivatives
C - 13 unnecessarily complex antiderivatives

D - 2 unable tointegrate problems

E - Ointegration timeouts



